Uniforming n-place functions on T Q ds[a) 



In this paper the Erdos-Rado theorem is generahzed to the class of well founded 
trees. We define an equivalence relation on the class ds(oo)^^'' ( finite sequences of 
decreasing sequences of ordinals) with equivalence classes, and for n < a. notion 
of n-end-uniformity for a colouring of ds(oo)<'*o with colours. We then show that 
for every ordinal a, n < u) and cardinal there is an ordinal A so that for any 
colouring c of T = ds(A)^^o with ^ colours, T contains S isomorphic to ds(o) so 
that cfS^^o is n-end uniform. For c with domain T" this is equivalent to finding 
S C T isomorphic to ds(Q!) so that c\S" depends only on the equivalence class of 
the defined relation, so in particular T — > (ds(a))J] We also draw a conclusion on 
colourings of n-tuplos from a scattered linear order. 
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This paper is a natural continuation of [3] in which Shelah and Komjath prove that 
for any scattered order type (p and cardinal n there exists a scattered order type ip such 
that ip — > [(f]"^ This was proved by a theorem on colourings of well founded trees. By 
Hausdorff 's characterization (see [2j and [4] ) every scattered order type can be embedded 
in a well founded tree, so we can deduce a natural generalization of their theorem to the 
n-ary case, i.e for every scattered order type tp, n < u, and cardinal /i there is a scattered 
order type ip such that ip — > (v)^,No ■ 

We start with a few definitions. 

Definition 0.1. For an ordinal a we define ds(Q;) — [rj : rj a decreasing sequence of 
ordinals < a}. By ds(oo) we mean the class of decreasing sequences of ordinals. 

We say T C ds(cxD) is a tree when T is non-empty and closed under initial segments. T, S 
will denote trees. For S C T C ds(oo) we say that is a subtree of T if it is also a tree. 
We use the following notation: 

Notation 0.2. 

1 For rj^v ^ ds(po) by rj Hiy we mean r]\£ where £ is maximal such that ri\£ — i'\£. 

2 For rj G ds(oo) and a tree T C ds(oo) we define 

rj"^ — {p : p ^ 1] V {3u G T)(p = rj^i^)} 
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Note that for 77 G ds(oo\{()}) and {()} C T C ds(cx)) iiri{\g{r})-l) > sup{p(0) : p&T) 
then T/'~T C ds(oo). 

Definition 0.3. We define the following four binary relations on ds(cx)); 

1 Let he the two place relation on ds(oo) defined by rj u iff one of the following: 
{3(:){ri{t} < v{t) or-q\l = or r/ < v. 

2 Let be the two place relation on ds(oo) defined by r] <f^ v iff one of the following: 
(3£) (77(£) <v{l) orri\l = v\l)orv^r]. 

4 Let <^ be the two place relation on ds(oo) defined by t] <^ v iff one of the following: 
r]<iv or for the maximal I such that r]\£ = ult if £ is even then r]{i) < y{t) and if I 
is odd then r]{£) > v{t). 

It is easily verified that <\^, and <^ are complete orders of ds(oo), and therefore 
is a partial order. The following remark refers to their order types defined by <\^, 
and on ds(oo) or ds(a). 

Observation 0.4. 

1 <l^, are well orderings for ds(3c). 

2 (ds(Q;), <^) is a scattered linear order type for every ordinal a. 

3 Every scattered linear order type can he embedded in (ds(a), <'^) for some ordinal a. 
Proof. 

1 Let 7^ A C ds(cxD), wc define by induction on n < lo an clement a„ in the following 
manner oq = min{77(0) : rj G A], assume ao,-- - ,an-i have been chosen so that 
(ttfe : k < n) € ds(oo) and for every r] € A {ak ■ k < n) r]\n (if lg(r?) < n then 
ri\n = rj). Now choose a„ = min{r]{n) : i] G A Ar]\n = {ak ■ k < n)}, if that set 
isn't empty. As the sequence derived in the above manner is a decreasing sequence of 
ordinals it is finite, say ao, • • ■ fln-i have been defined and a„ cannot be defined, we 
will show that a = {ak : k < n) is the minimal element of A with respect to <^^. By 
the definition of the sequence there is an 77 G A so that ri\n = a, if lg(?7) > n then we 
could have defined a„, so 77 = a and in particular a € A, and for every r] G we 
have a <'j^ rj. Let n* = min{m : afm G ^} so afn* is the minimal element in A. 

2 The proof is by induction on a. Assume that (ds(/3), <^) is a scattered linear order 
type for every f3 < a, and assume towards contradiction that Q can be embedded 
in (ds(a),<3), q ^ jjg. Let C = {£ : {3p,q G Q){Vp{£) + ^gW)}, £ = minC and 
T = {P : {3q e Q){r]q{£) = /3)}. Without loss of generality £ is even and for /3o = 
minF, /3i — minr\{/3o} there are go < 9i G Q so that r]q^{£) = Pi, i ~ 0,1. Now 
(ao,ai) = -Bo U i?i where = {p g (go,gi) : = A}- For some i G {0, 1} the 
set Bi contains an interval of Q and is embedded in {rjq. \{£ + l)'^ds(/3i), <'^) but this 
would imply that Q can be embedded in (ds(/3i), <^) which is a contradiction to the 
induction hypothesis. 

3 By Hausdorff 's characterization it is enough to show for ordinals a and /3 that both 
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Aa,i3 = (ds(Q!),<^) X /3 and A^^/j. = (ds(a),<^) x /3* can be embedded in (ds(a + 
(3-2 + 1), <^). The embedding is given as follows, for (77, 7) € ^a./J we have (r;, 7) 
(a+/3+7+l,a+/3)'^, and for (77,7) e Aa,p, we have (77,7) (a+/3-2, a+/3+7)'^. 

□ 

Definition 0.5. For trees Ti,T2 C ds(cx)), f : Ti ^ T2 is an embedding ofTi into T2 
if f preserves level, < and (or equivalently, <|^, or <^). 

Observation 0.6. For trees Ti,T2 C ds(cxD), if f '■ Ti ^ T2 preserves level and < then 
in order to determine whether f is an embedding it is enough to check for 77 £ Ti and 
ordinals 71 < 72 such that Vi = r]^{ji) G Ti (i = 1,2) that f{vi) fi'^^)- 

As T C ds(cxD) is well founded, i.c there arc no infinite branches, it is natural to define a 
rank function, in the following definition rk^^^ isn't the standard rank function but for 
= 1 we get a similar definition to the usual definition of a rank on a well founded tree. 

Definition 0.7. For a tree T C ds(oo) and cardinal ^ define rkT,/n(77) : ds(oo) — *■ 
{ — 1} U Ord by induction on a as follows: 

(a) vkrAv) > tffv^T. 

(b) vVtAv) > a + 1 3f m < I{7 : V^il) e T A rkT,^(7?^(7» > «}!• 

(c) rkT,^(?7) > 6 limit iff (Va < S){rkT.f,{v) > «)• 

We say that TkT.^{ri) = a iff TkT.fj.{ri) ^ ^'^^ rkT,p(77) ^ a + 1. 
Denote rkT,^(r) = rkT,,i(()), and x^tWi = x\.t,\{j]). 

Definition 0.8. For a tree T c ds(oo), ri gT and cardinals n, A we define the reduced 
rank rk^_^(?7) = min{A,rkT,^(7?)}. 

We first note a few properties of the rank function. 

Observation 0.9. For 77 € T C ds(cx)) and an ordinal a we have: 

1 For cardinals 11 < fi' we have rkT,^(7?) > rkT,^'(77), and in particular rkT(77) > 
rkT,M(»7) 

2 rkT(??) = U{rkT (77-^(7)) + 1 : 77^(7) e T). 

3 rkds(a)(()) = Oi. 

4 //rkT,y^(r7) > a, > a then we can embed 77'"ds(a) into T, so that p ^ p for p ^ r]. 
Proof. 

3 The proof is by induction on a. 

For a = this is obvious. Assume correctness for every /3 < a. ds(a) = IJ {{(3)'~'v : 

l3<a 

v G ds(/3)}. For every (i < a,u E ds(/3) we have rkds(a)((/3)'^z^) = rkds(/3)(z^), therefore 
(the last equality is due to the induction hypothesis): 
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U{rkds(a)((/3)^i^) + l :j^eds(/3)} = U{rkd,(/3) (j^) + 1 : G ds(/3)} 

= rk(ds(/3)) 

= /3 

We therefore have rk(ds(Q!)) = U{/3 + 1 : /3 < a} = a 
4 The proof is by induction on a. 
For a = there is nothing to prove. 

Assume correctness for every [3 < a, and rkT,^(?;) > a, a < fi. For /3 < a let 
C/3 = {7 : rkT^^(?7'^(7)) > /?}, so |C^| > ^ and C C^j' for /3' < /? < a. By induction 
on /3 < a we can choose an increasing sequence of ordinals 7/3 such that 7/3 = min F^ 
where F^ = {7 e C/3 : (V/3' < 0){'-f > 7/3')}- Assume towards contradiction that F^ is 
empty, and let = (7/3/ : P' < (3) CiCp. For every 7 g CpXC'^ (and there is such 7 as 
|C/3| > /i whereas |C^| < |/3| < /i) as 7 ^ F/3 then there is /?' < /3 such that 7 < 7/3', 
assume /?' is minimal with this property, but that contradicts the choice of 7/3' . 
By the induction hypothesis for every (3 < a there is 93^ which embeds (77'^(7^))^ds(/3) 
in T so that ipfj\{p : p <! ?y'^(7/3}} = Id. We now define Lpa '■ ry"ds(a) — > T in the 
following manner, if p < r/ then (pa{p) = p, else p = rj'^v for some 1^ G ds(a), so there 
is P < a such that v — {j3)"~'vi with vi e ds(/3), and we define 

obviously preserves level. 
For pi <i p2 in ?7'^ds(a) if pi <! ?7 then obviously ipa{pi) o 'Pa{p2), and otherwise for 
some /3 < a we have pi = r]""{(3)^iyi, i G {1,2}, I'l <i £ ds(/3), and as (pjs is an 
embedding we have: 

For p G 77'^ds(Q!), 71 < 72 ordinals such that for i = 1,2 pi = p'~'{ji) € ?7'"ds(a), 
necessarily i] < p and there are (3i < P2 < a, Ui G ds(/3i) so that pi = 'q'~^{(3i)'^Vi- If 
Pi — P2 — P then vi z^2, and as ipi3 is an embedding. 

On the other hand, if Pi ^ /32 then Lpa{pi){\g{ii)) — 7/3., and as 7/3^ < 7/33, also in this 
case ipa[pi) <*i^ Va{p2)- 

By Observation 10.61 ld,^ is an embedding, and by definition Lpa\{p '■ p ^ rj} = Id. 

□ 



The following theorem was was proved By Komjath and Shelah in [3]: 

Theorem 0.10. Assume a is an ordinal and p a cardinal. Set A = (|Q!p' ")^, and 
let F : ds(A+) — > p. Then there is an embedding ip : ds(Q;) ds(A+) and a function 
c : iu p such that for every 77 G ds(Q;) of length n + I 
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In what follows we will generalize the above theorem, in the process we will use infinitary 
logics. For the readers convenience we include the following definitions. 

Definition 0.11. 

1 For infinite cardinals k, \, and a vocabulary t consisting of a list of relation and 
function symbols and their 'arity' which is finite, the infinitary language L„^> for r is 
defined in a similar manner to first order logic. The first subscript, k, indicates that 
formulas have < k free variables and that we can join together < k formulas by /\ 
or Vj the second subscript, X, indicates that we can put < A quantifiers together in a 
row. 

2 Given a structure *8 for r we say that 21 is an hf^^\-elementary submodel (or sub- 
structure), and denote 21 -<k^x *8 or 21 ^ if ^ is a substructure o/ in the 
regular manner, and for any Lk,a formula ip with 7 free variables and a G '''|2t| we 
have 

«8 ^ (p{a) ^ 21 1= ip[a). 

The Tarski- Vought condition for a substructure ^of^to be an elementary submodel 
is that for any hf^^\-formula if with parameters a C 21 iwe have 

1= 3xip(xa) 21 1= 3xLp{xa). 

3 A set X is transitive if for every x £ X we have x ^ X . 

4 For every set X there exists a minimal transitive set, which is denoted by TC{X), 
such that X C TC{X). 

5 For an infinite regular cardinal k we define 

Kin) = {X : \TC{X)\ < k}. 

Remark 0.12. In this paper the main use of infinitary logic will be in the following 
manner: 

1 T will consist of the two binary relations G and <* , so |L^+^+(t)| = 2". 

2 IfK'<K,X'<X and 21 -(„,a S then also 21 ^«,'.a' 

3 ^K,\ is a transitive relation. 

4 For an infinite cardinal fi let k ~ 11'^ , X ~ 2^ , so k is regular and A^" = A. Recall that 
for a structure 05 and X C ||5B|| such that \X\ + t < X < 05 there is an elementary 
Lk,k submodel 21 o/*8 of cardinality X which includes X. 

For further reference on this point see 'IJ. 

5 If ^ ^K.K S o,nd X is definable in 05 over 21 (i.e with parameters in 2lj by an L^.k- 
formula, then it is also definable in 21 by the same formula. In particular if^ ~<k.k ^ 
and X C |2l|, \X\ < k then X € |2l|. 

Definition 0.13. We say two finite sequence {rji : £ < n) , (vg : £ < n) are similar when: 

(a) lg{r]i) = Ig(t'f) for l<n. 

(b) lg{iji n 77„) = lg(t'^ n iy,n) for l,m<n. 

(c) {r]i r]m) = {i^e <jx Vm) for £,m < n (equivalently, we could use <\^). 
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Observation 0.14. 

1 Similarity is an equivalence relation and the number of equivalence classes of finite 
sequences is Hq. 

2 {r]i, . . . ,r]k,iy'), {r]i, . . . ,rik,v") are similar if 

H m <i m <L •■■ <L Vk 

(h) Vk <L 

(c) Vk <L 

(d) \g{v') - \g{v") 

(e) \g{v' n 77fc) = \g{v" n 77fe) 

Proof. 

1 Similarity is obviously an equivalence relation. 

The equivalence class of a finite sequence of ds(oo) is determined by its length n, the 
lengths {ui : i < n) of its elements, the lengths {uij : i,j < n) of their intersections, 
and a permutation of n (the order of the elements according to <l^)- Therefore for 
each n < Lu there are Hq equivalence classes of sequences of length n, and so the 
number of equivalence classes of finite sequences of ds(oo) is Nq- 

2 We need to show that lg{i'' Cirji) = \g{v" fl r]i) for every < i < k. 

r]k v' and r]^ v" . If v' < rik then we also have lg(:^" fl t]^) = \g{v' n r]k) = 
lg(i/') = lg(i^") so v" < 77fc, and v' = v" . In this case obviously the required sequences 
are similar, so we can assume that there is I such that r\\^ \l — v' \t and v'{t) > rjk{t). 
By the same reasoning as above we deduce that rjk \t = v" \i and v" {i) ^ r]k (i) so 
necessarily i'"{£) > r]k{i)- 

□ 

The last term we will need before moving on to the main theorem is that of uniformity. 

Definition 0.15. Let T C ds(oo) be a tree, c : [r]<^" -> C. We identify u e [T]<^« 
with the <f ^-increasing sequence listing it. 

1 We say T is c-uniform if for any similar ui,U2 in [T]^*^" we have c{ui) = c{u2). 

2 We say T is c-end-uniform (or end-uniform for c) when 

ifVi <1x m <L ■•■ <ix Vk <i p',p" are in T and Ig(p') = lg(p"), lg(r/fc Hp') = 
lg(r]k Ci p") (equivalently {r/i . . .rjk, p'), {r/i . . .rjk, p") are similar-see \0.4^ 3) ) 
then c{{f]i . ..7]k,p')) = c{{f]i, . . .,'qk,p"))- 

3 We say T is c-n- end-uniform (or n-end-uniform for c) when for k < uj, r]i,p'j,p'^ S 
ds(oo) {0 < i < k,0 < j < n) such that 

2 2 2 2/2 2/ 

Vl <ex< '72 <ex ■ ■ ■ <lx Vk <lx Pi <lx ■ ■ ■ <lx Pn 

m <L< m <£x ■■■ <L Vk <ix P'i <lx< ■■■<P'n 

if those two sequences are similar then 

c{{m...,p[...))^ci{m...p'l...}). 
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We are now ready for the main theorem of this paper. 

Main Claim 0.16. Given a tree S C ds(oo) and a cardinal /i we can find a tree 
T C ds(oo) such that 

(*)i for every c : [T]^^° — > ^ there is T' C_ T isomorphic to S such that c\T' is c-end- 
uniform. 

M2 |r| <3|s|+(|^| + /i)- 

Proof. We assume that |5| , /i are infinite cardinals since one of our main goals is proving 
a statement of the form x ^ [y] '^Hgj otherwise the bound on T has to be slightly adjusted. 
For each 77 e S* let 

av = ^siv) = otp({i/ e S : ly rj}, <jj, 
= 33(^1^)+. 

Note that /i^^, A^^ are the maximal ones, and let x » A<>, and <* be a well ordering of 
Hix) (see \0.lU 5)). By definition, for every r/, e 5 such that t] v we have /^^ < [ly, 
and A^ < A^ in the following we examine the relation between [i^ and A^ for r\ ^ v. 

Observation 0.17. For 77 v we have > A+. 

Proof. Since > + 1 we have: 

fly D5a„ + i(|5| + /i) 

> ^5{»^ + l) + li\S\ + fl) 
= ^5(^7?) 

= A+ 

□ 

let T :— ds(A^), we will show that T is as required. Obviously T meets requirement (*)2, 
and let c : [T]<^° fi. Because of the many details in the following construction we 
bring it as a separate lemma. 

Lemma 0.18. For rj E S we can choose M^, T* and „ G T for n < uj with the 
following properties: 

1 M„ is anh + + -elementary submodel 0/ B = (Ti(x), G, <t)- 

2 \\MJ = 2'^''. 

3 S,T,ce M^. 

4 Mp, Vp,n e for p ri, n <uj. 

5 Properties ofT*: 

(a) T* — Vi-i,\g{n)'~T' where T' is isomorphic to ds(2^''''). 

(b) If v' ^v" G T* and are of the same length then they realize the same ^+-type 
over A/„. 
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6 Properties of the Vj/.n-' 

(a) Vri.n is of length n. 

(b) I'nMiv) ^ ^U- 

(c) lg(?7) ^m<n^ Vq^riim) ^ M,,. 

(d) Vri.n € T* , and for n > lg(?7) has at least immediate successors in T* . 

7 If rj = rii'~'{a), then 

(a) Mrj, T*, iyr,,n e Mr,^ forn<u. 

(h) J^rji.n, i^jj.n realize the same ^^+-type over {Mp,fp_„ : n < uj^p rj}. 

(c) Vn^^n = v-q.n for n < \g (r/i). 

(d) Vrj.n <tx for n = lg(77). 

(e) i^riMrj) = i^Tj.igrji '"(7) for somc 7. 

(f) Ifv' = '7i'^(a') with a' < a then i^^',ig(r,') <L ^^rjjgCr,)- 

Proof. We show a construction for such a choice by induction on <]^, yes, not 

As the induction is on the base of the induction is the case rj = {). First choose 
-^^0 + + B of cardinahty 2^(> , so that S,T,c G M/) (this can be done, see Remark 

10.121) . The number of L, + , + formulas ip(x, a) where a C ^o^A/a (sequences of length 
< /i^ in Mq) is < (2''<>)^<> = 2^(> hence the number of ^+ -types over Af^^ is at 

most /i' = 2^ *\ so we colour T = ds(A^) by < ji' colours, cq : T /i', so that for p G T 
its colour, cq{p), codes the L^j+ ^+-type which p realizes in B over Mq. As 

((32(/i())r"'')+=33(A.0)+ = \> 

by Theorem 10.101 there is an embedding of ds(D2(/i())) in T, and define to be its 
image, so that types of sequences from T*^ depend only on their length. We choose 
representatives (j^{),ri : < n < w) from each level larger than so that for n > i^{),n 
and has at least pQ immediate successors in Tq and satisfies 6(c). The latter can be 
done by cardinality considerations, = 2^<>, while the cardinality of levels in T*^^ 

is 112 (m())- We let i^q^q = {)■ 

It is easily verified that for rj — {) all the requirements of the construction are met. 
We now show the induction step. 

Assume rj — rii'~'{ai), lg(77i) — r, and that we have defined for rji (and below by <l^) 
and we define for rj. 

®i Let Ar, = {Mp, Vp^n -.n <uj,p rj}. 

For any p rj if p = rii'~~{a) for some a < ai then from requirement (7) (a) of the 
construction for p we have Mp £ M^^ , and also for all n < w i/p.„ G M^^ , else p rji 
therefore from requirement (4) of the construction for rji we have for all n < a; i/p^„ G -^rji , 
and Mp G M^^. So Ar, Q M^^, and < p^j-^, so Ajj is definable by an ^+ -formula 
with parameters in , so we have: 
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®2 ^ty C M^j, \ A,f \ < firj < ^,,1, therefore A,, G Mrj^. 
For every n < w let 

®3 ^nix) = V'M^j.nla:) = A( the L^+_^,+ - type which realizes over Ar,) 
And let 

®4 T^ = {per:Bhv'ig(p)(p)}- 

As the cardinality of the ^+-type of any v E 'B over Ajj is at most 2^'' which is less 
than LL„, , for every n < lu we have that (j9„ is an L, + , + -formula and therefore r„ is 

' Mt71 'Mil 

definable in Mu by an L, + , + -formula, namely 

^11 Mil 'Mil 

peT^^[peTA{\/ (lg(p) = nA Mp)))) 

n<iuj 

So 

®5 G Af^j and for every n < uj we obviously have Vn^^.n G ^V- 

Recall that for all n < v^i^.n G 7"*^, so for any p G T*^ of length n, we have that p 
realizes the same L, + , + -type over M„, as Vj,, „ so in particular they realize the same 
^+-type over A^, so p G T^. For ra > n Vrn.n, i^jji.mN are of the same length, so in 
particular (fmix) h (p„(x\n). If p T^, \gp = m so B ^ fmip) therefore B |= ipn{p\n) 
and therefore also p\n G T^. We summarize: 

®6 is a subtree of T and T*^ C T^. 

The following point is a crucial one, we show that: 

®7 rkT^,^^^ {vvw) > Pm every n such that lg(?7i) < n< uj . 

Assume toward contradiction that rkj-^.^t^^^ (z^^.m) < /i,,^ for some lg(f7i) < m < lu, and 
define for each n such that m < n < lu : 

7„ = rkr^,^^^ (i/,,,„) and 7^ = rk^^'^,^^ (i^r,i,n) 

(see Definitions 10.71 and 10. 8p . We now prove by induction on n > to that 7„+i < Prjn 
i.e 7„ — 7*. For n = m this is our assumption, and assume that it is known for n. The 
following can be expressed by L, + , + -formulas with parameters in M„. : 

V^i : 'x has rk^"\ (x) = 7„' 

-t 'Mil 

■!/;2 : 'x has at least /i,,^ immediate successors y in with rk^''^^ (y) > "f*_^_i 

We have B ^ ?/'i(f^j^„), and since T*^ C (see (gg) we also have B \= V'2(^'?)i,n)- 
By the induction hypothesis for 771 we have Vni.mVjj-^.n+iln G T*_^ and as they are the 
same length realize the same L,,+ ,,+ -type over M„, , so B ^ -01 A V'2('^77i n+i In), or in 
more detail, we have that rk^^^^^^ (i^^^^n+i fn) = 7„, i.e rkr^^^^^ (i/^j^„+i fn) = 7„, and 
z^?)i'"+it" least /i^j immediate successors in with reduced rank 7*_^i, so by 

the definition of rank fPefinition 10. 7p we have 7„ > Jn+i- induction hypothesis 

7n < Prii, therefore also j^+i = In+i- In particular we can deduce that jn+i < In, 
so having carried out the induction we have an infinite decreasing sequence of ordinals 
which is a contradiction. 
Recall that lg(77i) = r so lg(?7) = r + 1, 
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®8 Define v^^j = ^rnA f'^'' ^ ^f- 

ByEHZlMm ^ ®7 rkT^,^^^(i'^i,r) > /^r,i therefore rlcy^^^,^^ (i/^^^^) > A+ so by 

definition there are v e SuCTCi^jji.r) H satisfying rkT^^^^^(z^) > A+, defining Vn,r+i to 
be one such which is minimal with respect to (this is equivalent to demanding that 
v(r) is minimal) can be done by an L + + formula. We therefore conclude: 

®9 We can choose Vn^r+i G SucT(i/^j^r) n fl A/^^ such that 

(i) rkT^,A<„i('''?.'-+i) ^ 
(ii) Vri^r+i is minimal under [i) in <£^. 

As t'rjjgc,,) e Mn^and i^,,i,ig(^)(lg(?7i)) ^ we have: 
®io '^r;,ig(i)) <L ^??i,ig(i))7 notice that as they are the same length <\x^<*ix- 
Now for any p — •qi'~'{a) G 5 where a < ai we have that p 77 and therefore 
Vp,r+i G (see ®i). '^J7,ig(r/)j ^r)i,ig(r;) realize the same ^+-type over A,,, and by 
requirement (7)((i) of the construction for p {\g{p) = lg(??)) we have fp,ig(,,) ^mM(.ri) 
so also h'p.\g{ri) <\x '^nMin) ^^"^ above, as they are the same length <lx^'^lx^ we 
therefore conclude that: 

®ii Ii p = r]i'~'{a) e S where a < ai then i'p,ig(rj) <gx '^v,Mv)- 

Since US', t, c, i^^j^j^j} U < 2''"' by Remark [0.1 21 we can choose so that 
®12 + + M^j , and therefore also + + B, of cardinality 2''"' and {5*, c, ^'^j^(^) 

A„ C M^. 

By the same remark we can conclude that 

®i3 e M^,. 

Lastly we choose T* and Vn,m for m > lg(?7). 

We have already commented that rk^^.^t^^^ (z/^ ig^^)) > A+, so from Observation 10.91 we 
can embed ig(^)^ds(A+) into T^p so that p ^ p for p <! J^^.ig(^), and denote one such 
embedding by "0, without loss of generality -0 e Af,^. 

The number of L„+ „+-types over M„ is at most u' = 2^^". We colour ds(A;J') in < m' 
colours, the colour of p G ds(A+) is determined by the ^+-type which ipivri,\g(rj)'~'p) 
realizes over M^, call this colouring c^. As ((D2(p,,))^ '^'')+ I]3(p,,)+ = A,,, we can use 
10.101 to get an embedding 6 of ds(32(M77)) into ds(A+) so that for p G ds(32{pri)) the 
^+-type that i'^_„+i'^^(p) realizes over depends only on its length. Since the set 
X of ^+ -types over Af^ is in Af^^ of cardinality at most p' < prji we have X C Af,,i, 
also ds(A+) G Af^j so c,, G A^,,i and therefore without loss of generality 6 G Af^^. We 
define 

®i4 T* = i^,,jg(^)-^0(ds(D2(Ai,,))). 
T* G A^,,j and meets requirement (5) of the construction. We will now choose represen- 
tatives {pm : < m < w) from each level of ds(32(/^?))) so that Vri.n+i'~'0{pm) has at 
least pr) immediate successors in T* and Vn^n+i'^(){pm){^g{Tl)) ^ since the existence 
of such representatives in B can be expressed by an ^+ -formula with parameters in 
Af^j so without loss of generality pm G A/^j and define 

m ) ■ 
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T* is a subtree of T^p therefore p & T* reahzes the same ^+type over as i'T)i,ig(p)- 
The Ujj^n for n > \g{r/) were chosen to satisfy (6)(c)-((i) so in particular they are in T<^, 
and therefore realize the same L, + , +-type over A„ as i',,, „. By the induction hypothesis 
we have already constructed for rji so for all n we have lg(^',,^„) = \g(i>ni^n) = n so also 
(6)(a) is satisfied. Requirements (l)-(4) and (6)(6) of the construction are taken care of 
by ®i2. ®7-®ii, ®i3 and ®i5 guarantee requirement (7). □ 



All that is left in order to complete the proof of the claim is to show that {i^ri.\g(ri) '■ t] ^ 
is end-uniform with respect to c. 

Let 771 7j2 ... Ilk p',p": be as in I0.15f 2'): without loss of generality 
p' p". Let t = lg(p' n p"), p' = and A = {i^pjgp : p p' \{t + 1)}. 
We first show that for every i < k r]i p'\{t + 1) so that t'r,i.ig(,,i) G A. As i]i p' 
and \g{r]i n p") — \g{r\i n p') so p' <f\ rji, therefore there is £i such that rji \ii = p'\£i and 
?7.(^,) < p'{i^), but then 77, f^, = p" i.e p' \£, = p" \l, so I, < t (and < p"(^,)) and 

<Lp'Ki + i)- 

We now prove by induction on ^ G [i,lg(p')] that lyp'^e.igp' and i'p'\t,igp' realize the same 
lL;i',^'-type over A. For £ — t this is obvious. Let us assume correctness for £ and prove 
for £ + 1. For every n < w by (7)(6) of the construction Vp'\e,n,Vp'^(e+i)^n realize the 

same L + + -type over {Mp, Vpn ■ p <L p'\(£ + 1)1 and in particular over A, 

^p't(«+i)''^p'r(f+i) 

for if p p'\{t + 1) then also p p't(^ + 1). So i^p' leAgp' , I'p' \{e+i),igp realize the 
same L + + -type so also the same Lm' n'-type over A, and from the induction 

hypothesis Vp'\t,\gp' and fp'f^jgp' realize the same L^'_^/-type over A. Similarly we show 
for p", so Vpi ign' and Vpn realize the same L,,+ -type over A. 
From the above we can deduce that in particular 

C((j^,,i,lg(r,i), ■ • ■ ,J^77fc,lg(,,fc), V,lg(p'))) = (^ii'^mMim)^ ■ ■ ■ i^r,fc,lg(r,fc)' V,lg(p")))- 

□ 

Conclusion 0.19. Given a tree S C ds(oo) and n(*) < to and p we can find a tree 
T C ds(oo) such that: 

(*)i For every c : [T]^^" — > /i there is S' isomorphic to S such that S' is n{*)-end- 
uniform for c. 

(*)2 In particular, for every c : [TJ''^*-* ^ p is S' T isomorphic to S such that c\S' 

depends only on the equivalence classes of the equivalence relation defined in \0.1SX 
(*)3 |r| < Hi „(,) (15*1, /i) (see Definition [irWJ\ below). 

Proof. Let S, p be as above. Since for \S\,p > Kq we have that !3i^„(,)(|S'|, = 
-^i,n{*){\S\, p), replacing p with p^" gives the same bound, and we can therefore assume 
that p = p'^". 

Let {hn : n < uj) he the equivalence classes of the similarity relationship on finite se- 
quences of ds(oo) (see I0.14r m. and let / : "^{p U { — 1}) — > ^ be one-to-one and onto. 
We construct by induction a sequence (T„ : n < lu) so that Tq = S, and for every n > 0: 
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(a) 1T„| <3i,„(|5|,Ai) 

(&) T„_i, r„, /i correspond to 5, T, /i in Theorem 10. 161 

(c) For every c : [r„]<^° /i there is S" C T„ isomorphic to 5 such that S' is n-end- 
uniform for c. 



By Theorem 10.161 we can obviously construct such a sequence satisfying clauses (a), (fe), 
We will show by induction on n that for this sequence also clause (c) holds. For n ~ 1 
this is Theorem 10.161 Assume correctness for n and let c : [r„+i]<^" /i. By (&) there 
is T' C T„+i isomorphic to T„ so that T' is end-uniform for c. Let (p : Tn ^ T' be 
an isomorphism and let d : [T']*^^" '^{ji U { — 1}) as follows: for p = {pi ■ ■ ■ Pk) where 
Pi <L P2 <L • ■ • <L Pfc and m < w 



d{p){m) = 



c{p"{rj)) if p"(?7} G /im for some 
-1 otherwise 



d is well defined as T' is end-uniform for c, and by defining <p(pi, . . . pfe) — {(p{pi), . . . f^pk)) 
for pi, . . . Pk & Tn we have f o d o ip : [Tn]'^^° p, so by the induction hypothesis there 
is T" C Tn isomorphic to S so that T" is n-end-uniform for f o d o (p. We claim that 
S' = <p(T"') is isomorphic to S and that S' is n -I- 1-end-uniform for c. As T" is isomorphic 
to S and (/? is an isomorphism 5" is obviously isomorphic to 5*. Let the following sequences 
in S' be similar, 

vi <L< '72 <L • ■ • <L Vk <L p'l <L • ■ • <L Pn+1 
?7i <L< »72 <L • ■ • <L »7fc <L Pi <L< ■ • ■ < p^+1 

So in T" the following sequences are similar: 

• . • P'l • • . p:J = i^-Hvi)^-\Pi) ■ ■ ■ v-'iPn)) 
^-^m • • • p'l' ■ • • p'n) - i^-'{m)f-\Pi) • . • ^-'(P")) 

so fodoip{ip^^{rii . . . T]k, p'l-. ■ p'n)) = f°doip{ip-^{rii . . . ■qk-.p'i ■ ■ -p"))- Therefore we have 
/(d(?7i . . . ryfc, pi ■ • ■ Pn)) = /(d(??i . . . 77fc, p" . . . p")), and as / is one-to-one, d{-qi . . . r/k, pi . . . p'„) = 
d{r]i ...rjk, p'l ---p'n), and therefore c{f]i . . .ijk, p'l ■ ■ ■ p'^+i) = c(77i . . . 77^, p" . . . p"+i): and 
(*)i-(*)3 are easily verified. □ 

Definition 0.20. For cardinals A > Hq and p define Di,Q(A,/i) by induction on a. 
^i,o(A,p) = ^o(A) = A, !3i,a+i(A,/i) = pi,a(A, ^) -1-^), and for a limit 

ordinal a "Hi ^a{^, p) — '^i,p{^-ip)- 

I3<a 



We end with a conclusion for scattered order types. 



Conclusion 0.21. For a scattered order type if, a cardinal p and n < lu, there is a 
scattered order type so that ip — > i^)^ 

Proof. Given a scattered order type ip, a cardinal p and n < by Observation I0.4r 3) 
we can embed ip in (ds(Q;), <'^) for some ordinal a. By Conclusion 10 . 1 * ) 9 above there 
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is an ordinal A and a tree T C ds(A) so that for every colouring c : T^^ ^ n there is a 
subtree S C T isomorphic to ds(a) so that c\S depends only on the equivalence class 
of similarity. Noting the above Observation, as (T, <^) is a scattered order, and as there 
are only Nq equivalence classes, we are done. □ 
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